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1 Introduction
$G$ 1 , $K$ $G$ , $\Gamma$ cO-compact torsion
free $G$ . , $\lambda_{j}$ $\Gamma\backslash G/K$ $\Delta$
$(0=\lambda_{0}<\lambda_{1}<\ldots),$ $n$tj $\lambda_{j}$ , $\zeta_{\Delta}(s)$
.
$\zeta$x(s) $= \sum_{j=1}^{\infty}n_{j}\lambda_{j}^{-s}$ ${\rm Re} s>d/2$ . (1.1)
, $d$ $G/K$ . $\Gamma\backslash G/K$ , $\zeta_{\Delta}(s)$
2 , ,





. , $\Gamma$ $SL_{2}(\mathbb{Z})$ ,
$SL_{2}(\mathbb{Z})$ ,
.
, , $\Gamma$ , $SL_{2}(\mathbb{Z})$ $\zeta_{\Delta}$









$G$ 1 , $K$ $G$ , $d$ $G/K$
. $G,$ $K$ , $g=\mathrm{t}+\mathfrak{p}$ Cartan $\theta$ Cartan
. $\mathfrak{p}$ . , $G/K$ 1 , $\dim\alpha_{\mathfrak{p}}=1$
. $a$ , $a=a_{\mathfrak{p}}+a_{\mathrm{t}}$ ( $\eta=a\cap \mathfrak{p}$ , $=a\cap \mathrm{t}$) $a_{\mathfrak{p}}$ $\theta$-stable
$\mathrm{g}$ . , $A=\exp a$ , $A_{\mathfrak{p}}=\exp a$p’ $A\mathrm{e}=\exp$ .
, $\mathrm{g}^{\mathbb{C}},$ $a$C $\mathrm{g},$ $a$ . , $\Phi$ ( $\mathfrak{g}^{\mathbb{C}},$ $a$c) ,
$\Phi^{+}$ $\Phi$ , $P_{+}$ , $P_{+}=\{\alpha\in\Phi^{+}|\alpha\not\equiv 0$
on $\alpha_{\mathfrak{p}}$ }, $P_{-}=\Phi^{+}-P_{+}$ , $\rho=1/2\sum_{\alpha\in P}+\alpha$ . $h\in A$ $a$ $\lambda$
, $\xi_{\lambda}$ $\xi_{\lambda}(h)=\exp\lambda$ (10g $h$ ) . $\Sigma$ $P_{+}$ $\emptyset \mathfrak{p}$ , $\Sigma$
2 1 $\beta\in\Sigma$ $\Sigma=\{\beta\},$ $\{\beta, 2\beta\}$ .
$\beta$ , $H_{0}\in\emptyset \mathfrak{p}$ $\beta(H_{0})=1$ , $\rho_{0}=\rho(H_{0})$ $l$
, $\Gamma$ $\mathrm{c}\mathrm{o}$-compact tosion free $G$ . $C$ (\Gamma ) $\Gamma$
$\Gamma$ , Prim(I) $\Gamma$ , $Z$(r)
$\Gamma$ . $\gamma\in C$ (\Gamma ) , $\delta_{\gamma}$ $\gamma=\delta_{\gamma}^{j}(j\geq 1)$ , $h$ (\gamma ) $\gamma$
$A$ , $h_{\mathfrak{p}}(\gamma)\in A_{\mathfrak{p}},$ $h_{l}(\gamma)\in A_{t}$ $h(\gamma)=h_{\mathfrak{p}}(\gamma)h_{f}$ (\gamma ) . , $N$ (\gamma )
$N(\gamma)=\exp(\beta(\log(h_{\mathfrak{p}}(\gamma)))),$ $D(\gamma)$ $D( \gamma)=N(\gamma)^{2\rho 0}\prod_{\alpha\in P}+|1-\xi_{\alpha}(h(\gamma))^{-1}|$ .





$\mu$(r) if $G=SO(n, 1)$ ,
$2\mu(2r)$ if $G\neq SO(n, 1)$ .
(2.1)
, $\overline{\mu}(r)$ (2.3) $C_{G},$ $P$ (r), $\sigma(r)$ ([Mi],
[Wi] $)$




SO$(2m-1, 1)$ $2m-1$ $m$ -l $m-1$ $2^{4m-6}\Gamma(m-1/2)^{2}$ $1$
SO(2m, 1) $2m$ $m-1/2m-1/22^{4m-4}\Gamma(m)^{2}$ $\mathrm{t}$anh $\pi r$
$SU(2m-1, 1)$ $4m-2$ $2m-1$ $m-1/22^{4m-5}\Gamma(2m-1)^{2}$ taz $\pi r$
$SU$ (2m, 1) $4m$ $2m$ $m$ $2^{4m-5}\Gamma(2m)^{2}$ $\mathrm{c}$oth $\pi r$
$SP$(m, 1) $4m$ $2m+1$ $m+1/2$ $2^{4m-1}\Gamma(2m)^{2}$ $\mathrm{t}$anh $\pi r$
$\ovalbox{\tt\small REJECT}$ 16 11 11/2 $\mathrm{Z}^{19}\Gamma(8)^{2}$ $\mathrm{t}$anh $\pi r$
$G$ $P(r)$
SO$(2m-1, 1)$ $r^{2} \prod_{j=0}^{m-2}(r^{2}+j^{2})$
SO(2m, 1) $r \prod_{j=1}^{m-1}\{r^{2}+(j-1/2)^{2}\}$
$SU(2m-1, 1)$ $r \prod_{j=1}^{m-1}\{r^{2}+(j-1/2)^{2}\}^{2}$ (2.3)
$SU$(2m, 1) $r^{3} \prod_{j=1}^{m-1}(r^{2}+j^{2})^{2}$




$\Delta$ $(0=\lambda_{0}<\lambda_{1}<\lambda_{2}<|\cdot.),$ $r$j $\lambda_{j}=\rho_{0}+r_{j}22$
, $n_{j}$ $\lambda_{j}$ . , $\zeta_{\Delta}(s)$
.
$\zeta_{\Delta}(s)=\sum_{j=1}^{\infty}n_{j}\lambda_{j}^{-s}$ $s>d/2$ . (2.4)
$f$ $\hat{f}(r)=1/2\pi\int_{-\infty}^{\infty}f(x)e^{*xr}.dx$ (1) $\hat{f}(r)=\hat{f}(-r),$ (2) $\hat{f}$
$\{|{\rm Im} r|\leq\rho_{0}+\delta\}$ $\delta>0$ , (3) $\epsilon>0$ ,
$\hat{f}(r)=O(|r|^{-d-e})$ as $|r|arrow\infty$ , . ,
([Ga])
$\sum_{j\geq 0}n_{j}\hat{f}(r_{\mathrm{j}})=$
$\sum$ $\log N(\delta_{\gamma})D(\gamma)^{-1}N(\gamma)^{\rho 0}f(\log N(\gamma))$
$\gamma\in$G(r)-z(r)
$+ \frac{1}{4\pi}\mathrm{v}\mathrm{o}\mathrm{l}(\mathrm{I}\backslash G)[Z(\Gamma)]\int_{-\infty}^{\infty}\hat{f}$(r) $\mu$(r)dr. (2.5)
.
$Z_{\Gamma}(s)= \prod_{\delta\in \mathrm{P}\mathrm{H}\mathrm{m}(\Gamma)}\prod_{\lambda\in L}(1-\xi_{\lambda}(h(\delta))^{-1}N(\delta)^{-s})^{m_{\lambda}}$
$\ s>2\rho_{0}$ . (2.6)
, $L$ $L:= \{\sum_{=1}^{l}.\cdot m:\alpha_{i}|\alpha:\in P_{+},m_{\dot{*}}\in \mathbb{Z}_{\geq 0}\},$ $m$ \lambda $\lambda=\sum_{=1}^{l}.\cdot m.\alpha:\in L$
$(m_{1}, \ldots, m_{l})$ . , $Z_{\Gamma}(s)$ .
$\frac{Z_{\Gamma}’(s)}{Z_{\Gamma}(s)}=\sum_{\gamma\in C(\Gamma)-Z(\Gamma)}1o\mathrm{g}N(\delta_{\gamma})D(\gamma)^{-1}N(\gamma)^{2\rho 0^{-\epsilon}}$
${\rm Re} s>2\rho_{0}$ . (2.7)
$Z_{\Gamma}’(s)/Z_{\Gamma}(s)\}$X $s=2\rho_{0}$ 1 , $s=2\rho_{0}$
$\frac{Z_{\Gamma}’(s)}{Z_{\Gamma}(s)}=\frac{1}{s-2\rho_{0}}+\tilde{\gamma}_{\Gamma}^{(0)}+\sum_{k=1}^{\infty}\tilde{\gamma}_{\Gamma}^{(k})$(s-2$\rho$0) $k$ . (2.8)
. , $\tilde{\gamma}_{\Gamma}^{(k)}$ $k$ ,
([H])




Theorem 2.1. $n>d/2$ , .
$(2 \rho_{0})^{2n}\zeta_{\Delta}(n)=\sum_{k=0}^{n-1}(-1)^{k}(\begin{array}{ll}2n-k -2n-1 \end{array})(2 \rho_{0})^{k+1}\tilde{\gamma}_{\Gamma}^{(k)}-$ $(\begin{array}{l}2n-1-1n\end{array})+[Z(\Gamma)]\mathrm{v}\mathrm{o}\mathrm{l}(\Gamma\backslash G)I_{G}^{(n)}$ ,
$I_{G}^{(n)}:=C_{G}^{-1}\mathrm{x}\{$
$\sum^{n}A_{l}^{(n)}(\zeta(l)-\frac{1}{2}\sum_{k=1}^{2\rho 0}k^{-l})-\frac{1}{2}$A(n), if $G\neq SO(2m-1,1)$ ,
$\pi\sum_{m=1}^{(d-1)/2}(-1)^{m-1}p_{2m}\sum_{q=0}^{\min(2m,n-1)}\frac{(-2)^{q}}{(2m-q)!}.(\begin{array}{l}2n-q-2n-1\end{array})l=2$
$\iota$f $G=SO(2m-1,1)$ ,
$A_{l}^{(n)}:=(2 \hat{\rho}_{0})^{l}\sum_{m=1}^{d/2}(-1)^{m-1}\hat{\rho}_{0}^{2m-1}p_{2m-1}\sum_{q=0}^{1}(\begin{array}{l}-12mq\end{array})\mathrm{I}\mathrm{n}\mathrm{I}\mathrm{n}(n-l2m-1)(\begin{array}{llll}2n -l- q -1 n-1 \end{array})(-2)^{q}$ .
, , $p_{m}$ $P(r)= \sum 3_{1}p$mrm .
3 Theorem 2.1
$\hat{f}(r)=(r2+a2)-n$ ,
$f(x)=$C$|x| \sum_{k=0}^{n-1}\mathrm{A}(\begin{array}{ll}2n-k -2-1n \end{array})(2a)^{-2n+}k+1|$x $|^{k}$
$(n>d/2, a>\rho_{0})-$, (2.5) .
$(a^{2}- \rho_{0}^{2})^{-n}+\zeta_{\Delta}(n,a^{2}-\rho_{0}^{2})=\sum_{k=0}^{n-1}(\begin{array}{ll}2n-k -2n-1 \end{array})(2a)^{-2n+k+1} \frac{(-1)^{k}}{k!}(\frac{Z_{\Gamma}’}{Z_{\Gamma}}$ ) $0)(a+\rho 0)$
$+ \frac{\mathrm{v}\mathrm{o}\mathrm{l}(\Gamma\backslash G)[Z(\Gamma)]}{4\pi}\int_{-\infty}^{\infty}$ (r$2+a2$ ) $-n$p(r)dr. (3.1)
, $\zeta_{\Delta}(n,x)=\sum_{j\geq 1}n_{j}(\lambda_{j}+x)^{-n}$ . $\lambda_{0}$ $(a^{2}-\rho_{0}^{2})^{-n}$
$(a^{2}- \rho_{0}^{2})^{-n}=\sum_{k=0}^{n-1}(\begin{array}{ll}2n-k -2-1n \end{array})(2a)^{-2\mathrm{z}\mathrm{I}k+1}$ { $(a-\rho_{0})^{-(k+1)}+(a+\rho_{0})^{-}$ (A$+1)$ } $,$ (3.2)
, (3.1) 1 1






$G=SL_{2}(\mathbb{R}),$ $K=SO$ (2), $\Gamma$ $\mathrm{c}\mathrm{o}$-compact tosion free $SL_{2}(\mathbb{R})$
, Theorem 2.1 #1 .
$\zeta_{\Delta}(n)=\sum_{k=0}^{n-1}(,1)^{k}(\begin{array}{ll}2n-k -2n-1 \end{array}) \tilde{\gamma}"-$
$+ \frac{\mathrm{v}\mathrm{o}\mathrm{l}(\Gamma\backslash H)}{2\pi}[\sum_{l=2}^{n-1}\{$ $(\begin{array}{ll}-l-2n 1-1n \end{array})-2$ $(\begin{array}{ll}-l-2n 2-1n \end{array})\}\zeta(l)+\zeta(n)]$ . (4.1)
, $H$ . $\Gamma$ $\mathrm{c}\mathrm{o}$-compact tosion free ( $\Gamma$
) (4.1) . Section 4.1 ,
. , $\Gamma$ $\mathrm{c}\mathrm{o}$-compact ,
, (4.1) .




$a,b>0$ , $B$ $B=\mathbb{Q}+\mathbb{Q}\alpha+\mathbb{Q}\beta+\mathbb{Q}\alpha\beta(\alpha^{2}=$
$a,$ $\beta^{2}=b,$ $\alpha\beta=-\beta\alpha)$
$\mathbb{Q}$ . $B$ $q=q\mathit{0}+q_{1}\alpha+$
$q_{2}\beta$ $q_{3}\alpha\beta$ $(q:\in \mathbb{Q})$ , $\overline{q},$ $n$ (q), $\mathrm{t}\mathrm{r}q$ $\overline{q}=q_{0}-q_{1}\alpha-q_{2}\beta-q_{3}\alpha\beta$,
$n(q)=q\overline{q}=q_{0}^{2}-q_{1}^{2}a-q_{2}^{2}b+q_{3}^{2}ab,$ $\mathrm{t}$r $q=q+\overline{q}=2q_{0}$ . $B$
$O$
(
$B$ $d_{B}$ $O$ $\mathbb{Z}$ $\{u:\}_{1\leq j\leq 4}$
$d_{B}:=|\det(\mathrm{t}\mathrm{r}(u\dot{.},u_{j}))|^{1/2}$ . , $d_{B}$ $O$ $\{u_{i}\}$ $\mathrm{A}\mathrm{a}$
, $B/\mathbb{Q}$ ( )
. $B^{1},$ $O^{1}$ $B,$ $O$ $n(q)=1$ $q$ .
, $\mathcal{O}^{1}$ $SL_{2}(\mathbb{R})$ $\Gamma_{B}$ .
$q\mapsto(_{q_{2}\sqrt{b}-q_{3}\sqrt{ab}}^{q_{0}+q_{1}\sqrt{a}}q_{2}\sqrt{b}+q_{3}\sqrt{ab}q_{0}-q_{1}\sqrt{a})$
$SL_{2}(\mathbb{R})$ $\Gamma_{B}$ $\mathrm{c}\mathrm{o}$-compact , 2 3 . $\nu_{2}$ ,
$\ovalbox{\tt\small REJECT}$ 2, 3 , $\nu_{2},$ $\nu_{3},$ $\mathrm{v}\mathrm{o}\mathrm{l}(\Gamma \mathit{0}\backslash H)$
([He2], [Sh])
$\mathrm{v}\mathrm{o}\mathrm{l}(\Gamma_{B}\backslash H)=\frac{\pi}{3}\prod_{p|d_{B}}(p-1)$
, $\eta=\prod_{p|d_{B}}(1-(\frac{-1}{p}))$ , $\nu_{3}=\prod_{p|d_{B}}($$1-( \frac{-3}{p}))$ . (4.2)
129
,
$(-1/p)=\{_{-1}^{0}1$ $(p\equiv 3\mathrm{m}\mathrm{o}\mathrm{d} 4)(p\equiv 1\mathrm{m}\mathrm{o}\mathrm{d} 4)(p=2),,$
’
$(-3/p)=\{\begin{array}{l}0(p=3)1(p\equiv 1\mathrm{m}\mathrm{o}\mathrm{d}3)-1(p\equiv 2\mathrm{m}\mathrm{o}\mathrm{d}3)\end{array}$
. , $\Gamma$ , .
Theorem 4.1. $\Gamma$ . , $n\geq 2$
$\zeta_{\Delta}(n)=$ ( $(4.1)$ )
$+ \frac{\nu_{2}}{2}\sum_{l=1}^{n}(\begin{array}{lll}2n -l- 1n -1 \end{array}) \xi(l)+\frac{\nu_{3}}{3\sqrt{3}}[\sum_{m=1}^{n}\frac{(-1)^{[m/2]}}{m!}(\begin{array}{l}2n-m-1-1n\end{array})(\frac{\pi}{3})^{m}\alpha_{m}$







$\log 2$ $(l=1)$ ,
$(1-2^{1-l})\zeta(l)$ $(l\geq 2)$ ,
$\eta(l)=\{$
$\sum(-1)^{k-1}\cos\frac{\pi k}{3}k^{-l}$ ( l ),
$\sum_{k\geq 1}^{k\geq 1}(-1)^{k-1}\sin\frac{\pi k}{3}k^{-\mathrm{I}}$ (l. ).
.
4.2 $SL_{2}(\mathbb{Z})$
$SL_{2}(\mathbb{Z})$ , , .
$\Gamma_{0}(N):=\{\gamma\in SL_{2}(\mathbb{Z})|\gamma_{21}\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} N\}$,
$\Gamma_{1}(N):=${ $\gamma\in SL_{2}(\mathbb{Z})|\gamma_{11},$ $\gamma 22\equiv\pm$l, $\gamma 21\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} N$ },
$\Gamma(N):=${ $\gamma\in SL_{2}(\mathbb{Z})|\gamma_{11},$ $\gamma 22\equiv\pm 1,$ $\gamma$l2, $\gamma 21\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} N$ }.
130
, $N$ $\mathrm{u}\mathrm{a}\mathrm{g}$ . , $\mathrm{v}\mathrm{o}\mathrm{l}(\Gamma\backslash H),$ $\nu$2, $\nu_{3}$ ,
, $\nu_{\infty}$ .
















, $\omega(N)$ $N$ . . [Hel]
, .




$+ \mathit{2}\infty[\sum_{l=2}^{n}(\begin{array}{l}-l-12nn-1\end{array})2^{l}\zeta(l)+(\begin{array}{ll}2n -2n -1\end{array})( \log 2\pi+\gamma)-2^{2n-1}]+J\Gamma$(”,
, $J_{\Gamma}^{(n)}$ .
$\ovalbox{\tt\small REJECT}_{(\mathrm{Z})}=\sum_{l=0}^{n-1}\frac{2(-2)^{l}}{l!}(\begin{array}{ll}-l-2n 2n-1 \end{array})( \frac{\zeta’}{\zeta})^{(l)}(2)$ ,
$?_{\mathrm{o}(N)}^{n)}= \nu_{\infty}[\sum_{l=0}^{n-1}\frac{2^{l}}{l!}(\begin{array}{ll}-l-2n 2-1n \end{array}) \{2(-1)^{l}(\frac{\zeta’}{\zeta})^{(l)}(2)-\sum_{p|N}\sum_{m\geq 1}\frac{(m1\mathrm{o}\mathrm{g}p)^{l+1}}{mp^{2m}}\}-(\begin{array}{ll}2n -2n -1\end{array}) \log N]$ ,
$J_{\Gamma_{1}(N)}^{(n)}=-2^{w}$
(N)1$2n-2$
$+ \nu_{\infty}[2^{2n-2}-\frac{3}{2}(\begin{array}{l}-22nn-1\end{array})\log N+\sum_{l=0}^{n-1}\frac{2^{l+1}}{l!}$ (
$\mathrm{t}$ . h $1-2$) $\sum_{k\equiv\pm 1\mathrm{m}\mathrm{o}\mathrm{d}N}\frac{\Lambda(k)}{k^{2}}(\log k)^{l}$
$+ \sum_{p|N}\frac{c(N/p)}{p-1}\{$ ( $3)$ $\log p+\sum_{l=0}^{n-1}\frac{2^{l}}{l!}(\begin{array}{ll}-l-2n 2-1n \end{array}) \sum_{k\equiv\pm 1\mathrm{m}\mathrm{o}\mathrm{d}N/p}\frac{\Lambda(k)}{k^{2}}(\log k)^{\mathrm{I}}\}]$ ,
$J_{\Gamma(N)}^{(n)}=-22n-2 \prod_{p|N}(p+1)$
$+2\mathit{2}\infty[2^{2n-3}-$ $\log N+\sum_{l=0}^{n-1}\frac{2^{l}}{l!}\vee(\begin{array}{l}-l-22n-1n\end{array})\sum_{k\equiv\pm 1\mathrm{m}\mathrm{o}\mathrm{d}N}\frac{\Lambda(k)}{k^{2}}(\log k)^{l}$
$+ \sum_{p|N}\frac{c(N/p)}{p^{2}-1}\{$
$(\begin{array}{ll}2n -3n -1\end{array})\log p+\sum_{l=0}^{n-1}\frac{2^{l}}{l!}(\begin{array}{ll}-l-2n 2n-1 \end{array}) \sum_{k\equiv\pm 1\mathrm{m}\mathrm{o}\mathrm{d}N/p}\frac{\Lambda(k)}{k^{2}}($ log $k)^{l}\}]$ ‘





: $\Gamma$ , $\lambda_{1}\geq 1/4$ .
, [Se] $\Gamma$ $SL_{2}(\mathbb{Z})$ $\lambda_{1}\geq 3/16$
. [LRS], [KS] ,
[Ki] $\lambda_{1}\geq 975/4096$ $=0.238\ldots$ . , [Hel] , $\Gamma=SL_{2}(\mathbb{Z})$
, , $\lambda_{1}=91.5229\cdots$ ,
$\lambda_{2}=148.4319\cdots,$ $\lambda_{3}=190.1315\cdots,$ . . $\tau$ .
$\zeta_{\Delta}(n)\sim\lambda_{1}^{-n}(narrow\infty)$
, (4.1), (4.3), (4.4) $\lambda_{1}$ ,
.
Theorem 4.1, 4.2 , $\tilde{\gamma}_{\Gamma}^{(k)}$ , $\zeta_{\Delta}(n)$
, $\tilde{\gamma}_{\Gamma}^{(k)}$ . $\tilde{\gamma}_{\Gamma}^{(k)}$
.
$G=SL_{2}(\mathbb{R})$ , \gamma \tilde \Gamma (k ([HIKW], [H]).
$\tilde{\gamma}$r$k$) $= \frac{(-1)^{k}}{k!}\lim_{xarrow\infty}\{\sum_{\gamma\in \mathrm{H}\mathrm{y}\mathrm{p}(\Gamma)}\frac{1\mathrm{o}\mathrm{g}N(\delta_{\gamma})}{N(\gamma)-1}(\log N(\gamma))^{k}-\frac{(1\mathrm{o}\mathrm{g}x)^{k+1}}{k+1}\}$ , (5.1)
, Hyp(\Gamma ) $\Gamma$ . $\Gamma$ , $SL_{2}(\mathbb{Z})$




$\mathfrak{D}:=$ { $D>0|D\equiv 0,1\mathrm{m}\mathrm{o}\mathrm{d} 4$, }, $d(t, u)=(t^{2}-4)/u^{2}$ ,
$\epsilon(t)=\frac{1}{2}(t+\sqrt{t^{2}-4})=\frac{1}{2}(t+u\sqrt{d(t,u)})$ ,
$j(t, u)= \max\{j\geq 1|\epsilon(t)=(\frac{1}{2}(t_{0}+u_{0}\sqrt{d(t,u)})$ )
$j$
, $\exists$t0, $u0\geq 1\}$ ,
, $h(d)$ $d>0$ . , $\hat{M}_{\Gamma}(t,u)$ $\Gamma$
T .
$\hat{M}_{\Gamma_{\mathrm{B}}}$ 0, $u$) $:= \prod_{p|d_{B}}\{$
0
$(1-( \frac{\mathbb{Q}(\sqrt{d(\mathrm{t},u)})}{p}))$
$(d(t,u)/p^{2}\equiv 0,1\mathrm{m}\mathrm{o}\mathrm{d} 4)$ ,
(otherwise) ($(*/p)$ ),
132
$\hat{M}_{\Gamma_{0}}$(N)(t, $u$ ) $= \prod_{p|N}\{$
$1+p$ $(p|u)$ ,
$1+( \frac{t^{2}-4}{p})$ $(p\{u)$ . ’
$\hat{M}_{\Gamma}$1(N)(t, $u$ ) $= \frac{1}{2}\prod_{p|N}\{\begin{array}{l}p^{2}-1(p|u)p-1(p\{u,t\equiv\pm 2\mathrm{m}\mathrm{o}\mathrm{d}N)0(\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{w}\mathrm{i}\mathrm{s}\mathrm{e})\end{array}$
$\hat{M}_{\Gamma(N)}(t,u)=\{$
$\frac{1}{2}\prod_{p|N}p(p^{2}-1)$
$(t\equiv\pm 2\mathrm{m}\mathrm{o}\mathrm{d} N, N|u)$ ,
0 (otherwise).
$h$ (d) [Sc], [Wa]. , , (5.2)
$h$ (\mbox{\boldmath $\theta$} , $T$ , $\tilde{\gamma}_{\Gamma}^{(k)}$
, $\zeta_{\Delta}(n)$ . ,
,
$\zeta_{\Delta}$ (n)-1/n $< \lambda_{1}<\frac{\zeta_{\Delta}(m)}{\zeta_{\Delta}(m+1)}$ $(\forall n, m\geq 2)$ , (5.3)
$\zeta_{\Delta}(n)-1/n,$ $\frac{\zeta_{\Delta}(m)}{\zeta_{\Delta}(m+1)}arrow\lambda_{1}$ as $n,marrow\infty$ . (5.4)
, $n$ $\zeta_{\Delta}(n)$ , $\lambda_{1}$
.
,
$\tilde{\gamma}$r’(T) $:= \frac{(-1)^{k}}{k!}\{\sum_{t=3u;d|}^{T}\sum_{(tu)\in \mathrm{D}}h(d(t,u))\hat{M}_{\Gamma}$(t, $u$ )$j(t,u)^{-1}$
$\mathrm{x}\frac{(21\mathrm{o}\mathrm{g}\epsilon(t))^{k+1}}{\epsilon(t)^{2}-1}-\frac{(21\mathrm{o}\mathrm{g}T)^{k+1}}{k+1}\}$ , (5.5)
$\zeta_{\Delta}$ (n, $T$) $:= \sum_{k=0}^{n-1}(-1)^{k}(\begin{array}{l}2n-k-2-1n\end{array})\tilde{\gamma}_{\Gamma}^{(k)}(T)-\supset\cdot$ . (sae (4.3) and (4.4)), (5.6)
. , $‘ \mathrm{C}++$’ $T\leq 3.0\mathrm{x}10^{6}$ .
, $n$ $T$ , $n$ $\zeta_{\Delta}(n)$
, , $T.=3$.0 $\mathrm{x}10^{6}$ ,
$| \frac{\zeta_{\Delta}(n,T)-\zeta_{\Delta}(n,T’)}{\zeta_{\Delta}(n,T)}|<$ 0.01}$n:= \max\{n\geq 2|T/2\leq\forall T’\leq T$,
, $L:=\zeta_{\Delta}(n,T)^{-1/n},$ $R:=\zeta_{\Delta}(n-1,T)/\zeta_{\Delta}(n, T)$ , $\lambda_{1}$




$d_{B}$ $v$ $\nu$2 $\nu_{3}$ $N$ $L$ $R$ $d_{B}$ $v$ $\nu$2 $\nu_{3}$ $N$ $L$ $R$
$6$ 2 2 2 2 4. 57 36 4 0 4 0480 0.548
10 4 0 43 2.278 3.031 58 28 0 4 4 0550 0.646
14 6 2 02 2.251 62 30 2 030692 1.255
15 8 0 22 1. 65 48 0 0 3 0596 1.332
21 12 4 0 3 1. 1.494 69 44 4 2 4 0514 0.716
22 10 2 43 11.898 74 36 0 04 0728 0.975
26 12 0 0 3 1.797 3.506 77 60 4 0 4 0572 0.869
33 20 4 24 0.696 0.770 82 40 0 4 3 0573 $1\mathrm{J}71$
$34$ 16 0 4 4 0.691 0.796 85 64 0 4 5 0459 0600
35 24 0 0 3 0.925 1.810 86 42 2040627 0935
38 18 203 1.218 2.428 87 56 0 2 5 0417 0467
39 24 0 0 4 0.738 0.827 91 72 0 0 5 0455 0547
46 22 2 4 5 0.422 0.439 93 60 4 0 5 0452 0502
51 32 0 2 3 0.652 1.295 94 46 2 470323 0.324
55 40 0 44 0.633 0.872 95 72 0 0 6 0393 0419
1: $\Gamma=\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{i}\mathrm{o}\mathrm{n}$ group
$N$ $v$ $\nu_{2}$ $\nu_{3}$ $\nu_{\infty}$ $n$ $L$ $R$ $N$ $v$ $\nu_{2}$ $\nu_{3}$ $\nu_{\infty}$ $n$ $L$ $R$
$3$ 4 0 1 2 43 44 0 2 2 4 0.665 0.802
56202 2 5.750 47 48 0 0 2 4 0.585 0.677
7 8 0 2 2 2 3.046 51 72 0 0 4 30.637 1.490
11 12 0 0 2 2 2.463 53 54 2 0 2 3 0692 1.596
13 14 2 2 2 3 1.179 1.493 55 72 00 440.635 0.888
15 24 00421.468 57 80 02 4 4 0.478 0.587
17 18 2 0 2 2 1.354 59 60 00 24 0.505 0.664
19 20 0 2 2 3 1.263 2.141 61 62 22 2 5 0.417 0.462
21 32 0 2 431.014 1.699 65 84 40430.552 1.374
23 24 0 0 2 2 1.066 67 68 02 2 4 0.587 0.887
29 30 2 0 2 3 1.034 2.077 69 96 0 0 4 4 0.514 0.750
31 32 0 2 2 3 0.777 1.341 71 72 002 5 0.370 0.405
33 48 0 0 440.701 0.799 73 74 22240.436 0.612
35 48 00430917 1.980 77 96 00 440.573 0.886
37 38 22240636 0.779 79 80 02240.478 0.710
39 56 02430630 1.229 83 84 00240.561 0.887
41 42 2 0 240655 0.825 85 108 4 0 4 4 0.429 0.647
2: $\Gamma=\Gamma_{0}(N)$
134
$N$ $v$ $\nu_{\infty}$ $n$ $L$ $R$ $N$ $v$ $\nu_{\infty}$ $n$ $L$ $R$
$5$ 12 4 2 4.444 35 576 48 3 0458 2125
7 24 6 2 2.219 37 684 36 4 0.353 0803
11 60 10 2 0.911 39 672 48 4 0439 0911
13 84 12 3 1.012 2.366 41 840 40 5 0341 0549
15 96 16 2 0.899 43 924 42 5 0.350 0626
17 144 16 3 0.667 1.713 47 1104 46 4 0277 0682
19 180 18 3 0609 1789 51 1152 64 4 0.344 0.874
21 192 24 2 0.471 53 1404 52 5 0282 0.510
23 264 22 3 0468 1.499 55 1440 80 4 0.352 0.959
29 420 28 4 0.448 0.903 57 1440 72 4 0302 0.791
31 480 30 4 0.394 0.762 59 1740 58 5 0.276 0565
33 480 40 3 0.437 $\mathrm{L}761$ 61 1860 60 5 0.266 0.539
3: $\Gamma=\Gamma_{1}(N)$
$N$ $v$ $\nu_{\infty}$ $n$ $L$ $R$ $N$ $v$ $\nu_{\infty}$ $n$ $L$ $R$
$3$ 12 4 2 4.841 21 4032 192 40.272 1.041
560 12 21.299 23 6072 264 3 0.151 1.495
7168 24 20.586 29 12180 420 4 0.181 0.892
11 660 60 30.505 2755 31 14880 480 4 0.165 0.839
13 1092 84 30.379 2350 33 15840 480 4 0.151 0.749
15 1440 96 3 0.302 1.964 35 20160 576 5 0.191 0641
17 2448 144 3 0.242 1842 37 25308 684 5 0.183 0650
19 3420 180 30.204 1717 39 26208 672 5 0.170 0.588
4: $\Gamma=\Gamma(N)$
, , $d_{B}\leq 546$ , $\Gamma_{0}(N)$ $N\leq 357$
, $\Gamma_{1}$ (N) $N\leq 65$ , , $\Gamma(N)$ $N\leq 15$
$L\geq 1/4$ $\lambda_{1}\geq 1/4$ . , [Hu]
$N\leq 18$ $\Gamma_{0}(N),$ $\Gamma_{1}$ (N), $\Gamma(N)$ $\lambda_{1}\geq 1/4$
( ,
, ) $d_{B}$ $N$
, $L<1/4,$ $R>1/4$ , $\lambda_{1}\geq 1/4$ ,




, $\tilde{\gamma}_{\Gamma}^{(k)}$ (5.2) ,
. , $SL_{2}(\mathbb{Z})([\mathrm{S}\mathrm{a}])$ ([AKN])
, ,
, Appendix . ,
[H3] ,
.




$M_{\Gamma 0}$(N)(D, $j$ ) $= \prod_{\mathrm{p}|N}\{$
$1+p$ (p $|$ u$j$ ),
$1+$ (Y) $(p\{u_{j}),$ ’
$M_{\Gamma_{1}(N)}(D,j)= \frac{1}{2}\prod_{p|N}\{$
$p^{2}-1$ ($p|$ uj),




$(t_{j}\equiv\pm 2\mathrm{m}\mathrm{o}\mathrm{d} N, N|u_{\mathrm{j}})$ ,
0 $(o\mathrm{t}he7wise)$ .
, $(t_{j}, u_{j})$ $t^{2}-u^{2}D=4$ $j$ $(\epsilon(D)^{j}=(t_{j}+u_{j}\sqrt{D})/2)$ .
Proof. Venkov-Zograf’s formalization ([VZ]) .
Lemma 6.2. $\Gamma$ $\mathrm{v}\mathrm{o}\mathrm{l}(\Gamma\backslash H)<\infty$ $SL_{2}(\mathbb{R})$ , $\mathrm{I}^{\mathrm{v}}$ $\Gamma$
, $\chi$ $\Gamma’$ , $Z_{\Gamma}(s,\chi)$ .
$Z_{\Gamma}(s, \chi):=\prod_{p\in \mathrm{P}\mathrm{H}\mathrm{m}(\Gamma)}\prod_{n=0}^{\infty}\det(I-\chi(p)N(p)^{-s-n})$ .
, T .
$Z_{\mathrm{r}^{\mathrm{v}}}(s, \chi)=Z_{\Gamma}(s, \mathrm{I}\mathrm{n}\mathrm{d}_{\Gamma}^{\Gamma},\chi)$ . (6.2)
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$\Gamma=SL_{2}(\mathbb{Z}),$ $\Gamma$’ $\Gamma_{0}(N),$ $\Gamma_{1}$ (N), $\Gamma(N)$ . , $\chi=1$ , (6.2)
,
$\frac{Z_{\Gamma}’(s)}{Z_{\Gamma}(s)}=\sum_{\gamma\in \mathrm{H}\mathrm{y}\mathrm{p}(SL_{2}(\mathrm{Z}))}\mathrm{R}((\mathrm{I}\mathrm{n}\mathrm{d}_{\Gamma}^{\mathrm{S}L_{2}(\mathrm{Z})}1)(\gamma))\frac{j_{\gamma}^{-1}1\mathrm{o}\mathrm{g}N(\gamma)}{1-N(\gamma)^{-1}}N(\gamma)^{-s}$, (6.3)




, $\mathrm{t}_{\gamma}:=\mathrm{t}\mathrm{r}\gamma=\gamma_{11}+\gamma_{22},$ $u_{\gamma}:=\mathrm{g}\mathrm{c}\mathrm{d}(\gamma_{21},\gamma_{12},\gamma_{11}-\gamma_{22})>0\text{ }\hslash \text{ }$ . $f_{t\text{ }},$ $\hslash \text{ }$
$\mathrm{R}((\mathrm{I}\mathrm{n}\mathrm{d}_{\Gamma}^{SL_{2}(\mathrm{Z})},1)(\gamma))$
$\text{ }$ , , ,




. $\hat{M}_{\Gamma}(t,u)$ (5.2) . , $(t,u)$
$(D,j)$ .
Theorem 6.1 ,
$\pi_{\Gamma}(x)=\#\{p\in \mathrm{P}\mathrm{r}\mathrm{i}\mathrm{m}(\Gamma)|N(p)<x\}\sim\frac{x}{1\mathrm{o}\mathrm{g}x}$ as $xarrow\infty$ , (6.6)
.
Corollary 6.3. $\Gamma=\Gamma_{0}(N),$ $\Gamma_{1}$ (N), $\Gamma(N)$ $\mathfrak{l}^{},$. $x^{1/2}(\log x)^{2}<y<x$ $y$
, .
$\pi$r $(x+y)-\pi_{\Gamma}(x)\ll y$ . (6.7)
, $\Gamma$ $SL_{2}(\mathbb{Z})$ , ([Iw], [AKN]).
6.1 , [Iw] , .
, Theorem 6.1 , $\Gamma=SL_{2}(\mathbb{Z})$
$\epsilon(D)<x\sum_{D\in \mathcal{D}}h(D)\sim\frac{x^{2}}{21\mathrm{o}\mathrm{g}x}$
ae $xarrow\infty$ . (6.8)
.
Corollary 6.4. $p$ , $1/p\leq C(p)\leq p/(p^{2}-1)$ $C$ (p) ,
.
$D \in\emptyset p|D\epsilon(D)<x\sum_{\prime}h(D)\sim C\mathrm{g})\frac{x^{2}}{1\mathrm{o}\mathrm{g}x}$
as x\rightarrow . (6.9)
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